Some definitions
In this section we give some definitions and notations on cyclotomic fields and p-class group used in this paper.
1. Let p be an odd prime. Let F p be the finite field of cardinal p and F * p its multiplicative group. Let ζ be a root of the polynomial equation X p−1 + X p−2 + · · · + X + 1 = 0. Let K be the p-cyclotomic field K = Q(ζ) and O K its ring of integers. Let K + be the maximal totally real subfield of K. Let v be a primitive root mod p. In this paper, following Ribenboim conventions in Ribenboim [8] for any n ∈ Z, we note v n = v n mod p with 1 ≤ v n ≤ p − 1. Let G be the Galois group of the extension K/Q. Let σ : ζ → ζ v be a Q-isomorphism of the extension K/Q generating G. Let λ = ζ − 1. The prime ideal of K lying over p is π = λO K .
2. Let C be the class group of K. Let C p be the p-class of K (the subgroup of exponent p of C ). Let C + p be the p-class group of K + . Then
where C − p is called the relative p-class group. Let r − be the rank of C − p . 3. C − p is the direct sum of r − subgroups Γ k of order p annihilated by σ−µ k ∈ F p [G] with µ k ∈ F * p , µ k = v 2m k +1 where m k is a natural integer
On Kummer and Stickelberger relation
Stickelberger relation was already known by Kummer under the form of Jacobi resolvents for the cyclotomic field K, see for instance Ribenboim [8] (2.6) p. 119. In this section we derive some elementary properties from Stickelberger relation.
1. Let q = p be an odd prime. Let ζ q be a root of the minimal polynomial equation X q−1 + X q−2 + · · · + X + 1 = 0. Let K q = Q(ζ q ) be the q-cyclotomic field. Let K pq = Q(ζ p , ζ q ). Then K pq is the compositum KK q . The ring of integers of K pq is O Kpq .
2. Let q be a prime ideal of O K lying over the prime q. Let f be the order of q mod p and m = N Kp/Q (q) = q f . If ψ(α) = a is the image of α ∈ O K under the natural map ψ : O K → O K /q, then for ψ(α) = a ≡ 0 define a character χ
where { α q } = ζ c for some natural integer c, is the p th power residue character mod q. We define the Gauss sum
It follows that g(q) ∈ O Kpq . Moreover g(q) p ∈ O K , see for instance Mollin [6] prop. 5.88 (c) p. 308.
3. The Stickelberger relation is classically:
t , where ̟ t ∈ Gal(K/Q) is given by ̟ t : ζ → ζ t (see for instance Mollin [6] thm. 5.109 p. 315).
The four following lemmas are derived in an elementary way from the Stickelberger relation.
Proof.
1. Let u be a primitive root mod q. Let τ :
and it follows that there exists a natural integer ρ with ρ < p such that
) and so ζ ρ(q−1) = 1.
2. If q ≡ 1 mod p, it implies that ζ ρ = 1 and so that τ (g(q)) = g(q) and thus that
Proof. Let us consider one term ̟ −1 t × t. Then v −1 = v p−2 is a primitive root mod p and so there exists one and one i such that
, which achieves the proof. Lemma 2.3.
where
Proof. Let us consider the polynomial
. Then R 0 (σ) is of degree smaller than p − 2 and the two polynomials
Lemma 2.4.
. . .
Proof. We start of the relation in
where σ p−1 = 1.
Remarks:
1. Observe that we have more generally for the indeterminate X the algebraic identity in Z[X]
2. Observe that, with our notations, δ i ∈ Z, i = 1, . . . , p − 2, but generally δ i ≡ 0 mod p.
We see also that
3 Polynomial congruences mod p connected to the p-class group C p
We give some explicit polynomial congruences in Z[v] mod p connected to the relative p-class group C − p of O K . We apply successively the Stickelberger relation to prime ideals q of inertial degree f = 1 and of inertial degree f > 1. We recall that r − is the p-rank of the relative p-class group C − p of K.
3.1 Stickelberger relation for prime ideals q of inertial degree f = 1
Theorem 3.1.
Proof. From Kummer, the group of ideal classes of K is generated by the classes of prime ideals of degree 1 (see for instance Ribenboim [8] (3A) p. 119). Let q a prime ideal of inertial degree 1 whose class
. It can be shown that g(q) σ−v ∈ K, see for instance Ribenboim [9] F. p. 440. Therefore Q(σ) annihilates the ideal class Cl(q) and the congruence follows.
Remarks:
1. Observe that δ i can also be written in the form
is the integer part of x, similar form also known in the literature.
Observe that it is possible to get other polynomials of Z[G]
annihilating the relative p-class group C − p : for instance from Kummer's formula on Jacobi cyclotomic functions we induce other polynomials 
Stickelberger relation for prime ideals q of inertial degree f > 1
Let q be a prime ideal of O K with Cl(q) ∈ C p . In this section we apply Stickelberger relation to the prime ideals q of inertial degree f > 1 with the method used for the prime ideals of inertial degree 1 in section 3 p. 6. Observe, from lemma 2.1 p.
A definition: we say that the prime ideal c of a number field M is p-principal if
Theorem 3.2. Let q be an odd prime with q = p. Let f be the order of q mod p and
There exists a natural integer n with
Proof.
where (
and so
Then P 1 (σ) annihilates Cl(q) and thus there exists 1
Remarks
1. For f = 2 the value of polynomial P 1 (σ) obtained from this lemma is
2. Let q be a prime not principal ideal of inertial degree f > 1 with
and
)×σ i (see lemma 3.2) annihilate the ideal class Cl(q). When f > 1 the lemma 3.2 p. 7 supplement the theorem 3.1 p. 6.
3. This result explains that, when f increases, the proportion of p-principal ideals q increases.
It is possible to derive some explicit congruences in Z from this theorem. 
If the ideal q is non p-principal there exists a natural integer
l, 1 ≤ l < m such that (11) m−1 i=0 ( f −1 j=0 v −(i+jm) p ) × v lf i ≡ 0 mod p,
If for all natural integers
1. Suppose that q is not p-principal. Observe at first that congruence (11) with l = m should imply that
which is not possible because v −(i+jm) = v −(i ′ +j ′ m) implies that j = j ′ and i = i ′ and so that
2. The polynomial P 1 (σ) of lemma 3.2 annihilates the non p-principal ideal q in
thus nm ≡ 0 mod p − 1, so n ≡ 0 mod f and n = lf for some l. Therefore if q is non p-principal there exists a natural integer l, 1 ≤ l < m such that (12) is an immediate consequence of previous part of the proof.
The relation
3.3 Polynomial congruences mod p 2 connected to the p 2 -class group C p 2 Let C − p 2 be the subgroup of exponent p 2 (so with elements of order dividing p 2 ) of the relative class group C − of K.
1. We have seen in relation (1) p. 2 that the relative p-class group C − p can be seen as a direct sum
where ∆ i is a cyclic group with Γ i ⊂ ∆ i and whose order divides p 2 .
3. Suppose that ∆ i is of order p 2 . Show that ∆ i is annihilated by σ − (µ i + a i p) with a i natural integer 1 ≤ a i ≤ p − 1:
(a) From Kummer, there exist some prime ideals
> principal as seen in previous sections.
In this section we examine the case of subgroups ∆ i of order p 2 . Let us note ∆ for one of this groups annihilated by σ − (µ + ap), a = 0.
Theorem 3.4. µ verifies the two congruences
There exists prime ideals
We know, for instance from Ribenboim [9] F. p. 440 that g(Q) σ−v ∈ K so Q Q(σ) is principal. But Q σ−(µ+ap) is principal hence Q Q(µ+ap) is principal, and thus
From lemma 2.4 p. 4, Q(σ)
From theorem 3.1 p. 6 applied to the ideal Q p ∈ Γ of order p,
µ p−2 p mod p, and so
and finally
which achieves the proof.
Example:
1. This congruence mod p 2 is valid for no irregular prime numbers p < 4001 with rank r of C p verifying r > 1 (verified with a MAPLE program). 
On prime factors h = p of the class number of the p-cyclotomic field
In previous sections we considered the relative p-class group C − p of K. By opposite, in this section we apply Stickelberger relation to all the primes h = p dividing the class number h(K). A first subsection is devoted to the general case of the relative class group C − of K, a second to the class group of the quadratic subfield of K and a third subsection to the class group to the biquadratic subfield of K when p ≡ 1 mod 4.
The general case
1. The class group C of K is the direct sum of the class group C + of the maximal totally real subfield K + of K and of the relative class group C − of K.
2.
Remind that v is a primitive root mod p and that v n is to be be understood as v n mod p with 1 ≤ v n ≤ p − 1. Let h(K) be the class number of K. Let h = p be an odd prime dividing h(
where ρ is the h-rank of the abelian group C(h) of order h β and C j (h) are cyclic groups of order h β j where β = ρ i=1 β j . 3. From Kummer (see for instance Ribenboim [8] (3A) p. 119), the prime ideals of O K of inertial degree 1 generate the ideal class group. Therefore there exist in the subgroup of exponent h of C(h) some prime ideals q of inertial degree 1 such that Cl(q) ∈ ⊕ ρ j=1 c j where c j is a cyclic group of order h and Cl(q) ∈ ⊕ ρ j∈J c j where J is a strict subset of {1, 2, . . . , ρ}.
Let
if not the remainder of the division of P (X) by V (X) of degree smaller than δ would annihilate also q. Therefore the irreducible polynomial V (X) divides P (X) in F h [X] for the indeterminate X.
If
We obtain the following:
If h is coprime with p − 1 and with the class number h(E) of all intermediate fields
1. Reformulation of previous paragraph.
2. Immediate consequence of theorem 10.8 p. 187 in Washington [11] for the cyclic extension K/E.
Remark: See the section 5 p. 18 for a MAPLE program applying the theorem 4.1 p. 12.
Corollary 4.2. If C(h) is cyclic then:
is coprime with n then h − 1 ≡ 0 mod n.
. Then apply theorem 4.1. Observe that
≡ 0 mod p and that we have assumed that the prime h = p in this section. Proof.
Apply Stickelberger relation to field
The Stickelberger polynomial can be written
The Stickelberger polynomial is
hence, with P (σ) defined in lemma 2.2 p. 4,
4. The polynomial P (σ) annihilates the class group C of K. Therefore the polynomial p × p−2 i=0, v −i even σ i annihilates also C. If h = p then Π(σ) annihilates C(h), which achieves the proof.
Remark: Numerical MAPLE computations seem to show more : the polynomial
Therefore Π(σ) annihilates also the relative p-class group
Proof. σ d − 1 annihilates C(h). The Stickelberger polynomial
and from p = h it follows that
Remark: Compare lemma 4.4 for h = p with lemma 3.2 p. 7 proved when h = p.
The case of complex quadratic fields contained in K
In this paragraph we formulate directly previous result when h divides the class number of the complex quadratic field Q( √ −p) ⊂ K, p ≡ 3 mod 4, p = 3. 
Proof. Let Q be the prime of Q( √ −p) lying above q. The ideals Q = σ(Q) and so Q σ+1 is principal because Q σ 2 = Q. Therefore Q
Let I δ be the set
where, as seen above, ind v (δ) is the notation index of δ relative to v. If h is an odd prime with h | h(Q( √ −p)) then
Proof. I δ has an odd cardinal. Then see relation (25).
Remark:
1. Observe that results of theorems 4.6 and 4.7 are consistent with existing tables of quadratic fields, for instance Arno, Robinson, Wheeler [1] . Numerical verifications seem to show more : 
The case of biquadratic fields contained in K
The following example is a generalization for the biquadratic fields L which are included in p-cyclotomic field K with p ≡ 1 mod 4.
Theorem 4.8. Let p be a prime with 2 2 p − 1. Let
Let L be the field with A question: for all the odd primes p < 500 and all the odd primes h < p 2 we have observed that GCD(X) = V (X) where V (X) is the minimal polynomial annihilating C − p (here GCD(X) = 1 means that h | h(K p )): this gives important informations on the structure of the relative class group C − of K: the precise set of odd primes h dividing h(K p ) and for each of them the rank ρ of the h-group C(h). Can we generalize this property to all the odd primes p and all the odd primes h? 
